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ON COMPATIBLE LINEAR CONNECTIONS WITH TOTALLY
ANTI-SYMMETRIC TORSION TENSOR OF THREE-DIMENSIONAL
GENERALIZED BERWALD MANIFOLDS
CS. VINCZE
Abstract. Generalized Berwald manifolds are Finsler manifolds admitting linear connections
such that the parallel transports preserve the Finslerian length of tangent vectors. By the
fundamental result of the theory [7] such a linear connection must be metrical with respect
to the averaged Riemannian metric given by integration of the Riemann-Finsler metric on
the indicatrix hypersurfaces. Therefore the linear connection is uniquely determined by its
torsion tensor. If the torsion is zero then we have a classical Berwald manifolds. Otherwise
the torsion is a strange data we need to express in terms of quantities of the Finsler manifold.
In the paper we are going to give explicit formulas for the linear connections with totally anti-
symmetric torsion tensor of three-dimensional generalized Berwald manifolds. The results are
based on averaging of (intrinsic) Finslerian quantities by integration over the indicatrix surfaces.
They imply some consequences for the base manifold as a Riemannian space with respect to
the averaged Riemannian metric. The possible cases are Riemannian spaces of constant zero
curvature, constant positive curvature or Riemannian spaces admitting Killing vector fields of
constant Riemannian length.
Introduction
The notion of generalized Berwald manifolds goes back to V. Wagner [14]. They are Finsler
manifolds admitting linear connections such that the parallel transports preserve the Finslerian
length of tangent vectors (compatibility condition). The basic questions of the theory are the
unicity of the compatible linear connection and its expression in terms of the canonical data
of the Finsler manifold (intrinsic characterization). In case of a classical Berwald manifold ad-
mitting a compatible linear connection with zero torsion, the intrinsic characterization is the
vanishing of the mixed curvature tensor of the canonical horizontal distribution. In general the
intrinsic characterization of the compatible linear connection is based on the so-called averaged
Riemannian metric given by integration of the Riemann-Finsler metric on the indicatrix hyper-
surfaces. By the fundamental result of the theory [7] such a linear connection must be metrical
with respect to the averaged Riemannian metric. Therefore the linear connection is uniquely
determined by its torsion tensor. Following Agricola-Friedrich [1] consider the decomposition
T (X, Y ) := T1(X, Y ) + T2(X, Y ), where T1(X, Y ) := T (X, Y )−
1
n− 1
(
T˜ (X)Y − T˜ (Y )X
)
,
T˜ is the trace tensor of the torsion and
(1) T2(X, Y ) :=
1
n− 1
(
T˜ (X)Y − T˜ (Y )X
)
.
In case of 2D the torsion tensor is automatically of the form (1); see [13]. If the dimension is at
least three then the trace-less part can be divided into two further components
T1(X, Y ) = A1(X, Y ) + S1(X, Y ) ⇒ T (X, Y ) = A1(X, Y ) + S1(X, Y ) + T2(X, Y )
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by separating the totally anti-symmetric/axial part A1. Therefore we have eight possible classes
of generalized Berwald manifolds depending on the surviving terms such as classical Berwald
manifolds admitting torsion-free compatible linear connections [6] (we have no surviving terms)
or Finsler manifolds admitting semi-symmetric compatible linear connections (we have no trace-
less part) [8], [9], [10] and [11]. In the paper we are going to give explicit formulas for the linear
connections with totally anti-symmetric torsion preserving the Finslerian length of tangent
vectors in case of three-dimensional Finsler manifolds. The results are based on averaging of
(intrinsic) Finslerian quantities by integration over the indicatrix surfaces. They imply some
consequences for the base manifold as a Riemannian space with respect to the averaged Rie-
mannian metric. The possible cases are Riemannian space forms of constant zero curvature,
constant positive curvature or Riemannian spaces admitting Killing vector fields of constant
Riemannian length.
1. Notations and terminology
Let M be a differentiable manifold with local coordinates u1, . . . , un. The induced coordinate
system of the tangent manifold TM consists of the functions x1, . . . , xn and y1, . . . , yn. For any
v ∈ TpM , x
i(v) := ui ◦ pi(v) = p and yi(v) = v(ui), where i = 1, . . . , n and pi : TM → M is the
canonical projection.
1.1. Finsler metrics. A Finsler metric is a continuous function F : TM → R satisfying the
following conditions:
(F1) F is smooth on the complement of the zero section (regularity),
(F2) F (tv) = tF (v) for all t > 0 (positive homogenity),
(F3) the Hessian
gij =
∂2E
∂yi∂yj
, where E =
1
2
F 2
is positive definite at all nonzero elements v ∈ TpM (strong convexity).
The so-called Riemann-Finsler metric g is constituted by the components gij. It is defined
on the complement of the zero section because the second order partial differentiability of
the energy function at the origin does not follow automatically: if E is of class C2 on the
entire tangent manifold TM then, by the positively homogenity of degree two, it follows that
E is quadratic on the tangent spaces, i.e. the space is Riemannian. The Riemann-Finsler
metric makes each tangent space (except at the origin) a Riemannian manifold with standard
canonical objects such as the volume form dµ =
√
det gij dy
1 ∧ . . . ∧ dyn, the Liouville vector
field C := y1∂/∂y1 + . . .+ yn∂/∂yn and the induced volume form
µ =
√
det gij
n∑
i=1
(−1)i−1
yi
F
dy1 ∧ . . . ∧ dyi−1 ∧ dyi+1 . . . ∧ dyn.
on the indicatrix hypersurface ∂Kp := F
−1(1) ∩ TpM (p ∈M).
1.2. Generalized Berwald manifolds.
Definition 1. A linear connection ∇ on the base manifold M is called compatible to the
Finslerian metric if the parallel transports with respect to ∇ preserve the Finslerian length of
tangent vectors. Finsler manifolds admitting compatible linear connections are called generalized
Berwald manifolds.
Suppose that the parallel transports with respect to ∇ (a linear connection on the base
manifold) preserve the Finslerian length of tangent vectors and let Xt be a parallel vector field
along the curve c : [0, 1]→ M . We have that
(2) (xk ◦Xt)
′ = ck
′
and (yk ◦Xt)
′ = Xkt
′
= −ci
′
Xjt Γ
k
ij ◦ c
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because of the differential equation for parallel vector fields. If F is the Finslerian fundamental
function then
(3) (F ◦Xt)
′ = (xk ◦Xt)
′
∂F
∂xk
◦Xt + (y
k ◦Xt)
′
∂F
∂yk
◦Xt
and, by formula (2),
(4) (F ◦Xt)
′ = ci
′
(
∂F
∂xi
− yjΓkij ◦ pi
∂F
∂yk
)
◦Xt.
This means that the parallel transports with respect to ∇ preserve the Finslerian length of
tangent vectors (compatibility condition) if and only if
(5)
∂F
∂xi
− yjΓkij ◦ pi
∂F
∂yk
= 0 (i = 1, . . . , n),
where the vector fields of type
(6) Xh
∇
i :=
∂
∂xi
− yjΓkij ◦ pi
∂
∂yk
span the associated horizontal distribution belonging to ∇.
Theorem 1. [7] If a linear connection on the base manifold is compatible to the Finslerian
metric function then it must be metrical with respect to the averaged Riemannian metric
(7) γp(v, w) :=
∫
∂Kp
g(v, w)µ = viwj
∫
∂Kp
gij µ (v, w ∈ TpM, p ∈ U).
2. Three-dimensional Finsler manifolds admitting compatible linear
connections with totally anti-symmetric torsion tensor
Suppose that ∇ is a compatible linear connection of a three-dimensional generalized Berwald
manifold. By Theorem 1, such a linear connection must be metrical with respect to the averaged
Riemannian metric (7) given by integration of the Riemann-Finsler metric on the indicatrix hy-
persurfaces. Therefore ∇ is uniquely determined by its torsion tensor. Taking vector fields with
pairwise vanishing Lie brackets on the neighbourhood U of the base manifold, the Christoffel
process implies that
Xγ(Y, Z) + Y γ(X,Z)− Zγ(X, Y ) =
2γ(∇XY, Z) + γ(X, T (Y, Z)) + γ(Y, T (X,Z))− γ(Z, T (X, Y ))
and, consequently,
(8) γ(∇∗XY, Z) = γ(∇XY, Z) +
1
2
(γ(X, T (Y, Z)) + γ(Y, T (X,Z))− γ(Z, T (X, Y ))) ,
where ∇∗ denotes the Le´vi-Civita connection of the averaged Riemannian metric.
Definition 2. The torsion tensor is totally anti-symmetric if its lowered tensor
T♭(X, Y, Z) := γ(T (X, Y ), Z)
belongs to ∧3M .
Corollary 1. If ∇ is a metrical linear connection with totally anti-symmetric torsion then
(9) ∇∗XY = ∇XY −
1
2
T (X, Y )
and the geodesics of ∇∗ and ∇ coincide.
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If dimM = 3 then dim∧3M = 1 and, consequently,
T♭
(
∂
∂ui
,
∂
∂uj
,
∂
∂uk
)
= fγ
(
∂
∂ui
×γ
∂
∂uj
,
∂
∂uk
)
= f det γij
for some local function f : U → R, where the orientation is choosen such that the coordinate
vector fields represent a positive basis. This means that
(10) ∇∗XY = ∇XY −
f
2
X ×γ Y.
Taking the Riemannian energy E∗(v) := γ(v, v)/2, the Riemann-Finsler metric is g∗ij = γij ◦ pi
and the cross product of vertical vector fields is defined by
g∗
(
∂
∂yi
×g∗
∂
∂yj
,
∂
∂yk
)
= det g∗ij = det γij ◦ pi
with bilinear extension. Formula (10) can be written in terms of the induced horizontal struc-
tures as follows. Since the horizontal distributions induced by ∇∗ and ∇ are spanned by the
vector fields
Xh
∗
i =
∂
∂xi
− yjΓ∗lij ◦ pi
∂
∂yl
and Xh
∇
i =
∂
∂xi
− yjΓlij ◦ pi
∂
∂yl
,
respectively, we have, by formula (10), that
(11) Xh
∗
i = X
h∇
i + f ◦ piVi, where Vi =
1
2
∂
∂yi
×g∗ C (i = 1, 2, 3).
2.1. Three-dimensional Finsler manifolds admitting compatible linear connections
with totally anti-symmetric torsion tensor. Let M be a three-dimensional Finsler mani-
fold admitting a compatible linear connection with totally anti-symmetric torsion tensor. Using
the comparison formula (11), the compatibility condition (5) gives that
(12) Xh
∗
i E = f ◦ piViE (i = 1, 2, 3) ⇒ V E = f ◦ pi
3∑
i=1
(ViE)
2,
where the vector field V is defined by the formula V :=
3∑
i=1
(ViE)X
h∗
i .
Lemma 1. If
3∑
i=1
(ViE)
2
v = 0 for any v ∈ TpM then the Finslerian indicatrix ∂Kp is a sphere
with respect to the averaged Riemannian metric.
Proof. Since the infinitesimal rotation represented by the matrix
 0 −v
1 v2
v1 0 −v3
−v2 v3 0


is of rank 2,
3∑
i=1
(ViE)
2
v = 0 implies that the vector fields V1, V2 and V3 span the tangent plane
to the Finslerian indicatrix at any v ∈ ∂Kp. Therefore its Euclidean normal vector field (with
respect to g∗) is proportional to C. Taking a curve c : [0, 1]→ ∂Kp we have
0 = g∗c(t) (C ◦ c(t), c
′(t)) = γp(c(t), c
′(t)) =
1
2
γ(c, c)′(t),
i.e. the Euclidean norm of c(t) is constant. Since the Finslerian indicatrix surface is arcwise
connected this means that it is a sphere with respect to the averaged Riemannian metric. 
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Theorem 2. For a three-dimensional non-Riemannian Finsler manifold, the compatible linear
connection with totally anti-symmetric torsion tensor must be of the form
(13) ∇XY = ∇
∗
XY +
f
2
X ×γ Y,
where ∇∗ is the Le´vi-Civita connection of the averaged Riemannian metric γ and the function
f is given by
(14) f(p) =
1
σ(p)
∫
∂Kp
V E µ,
where
V =
3∑
i=1
(ViE)X
h∗
i , σ(p) =
3∑
i=1
∫
∂Kp
(ViE)
2 µ, Vi =
1
2
∂
∂yi
×g∗ C.
Proof. Since V E = f ◦ pi
3∑
i=1
(ViE)
2 it follows that
(15)
∫
∂Kp
V E µ = f(p)
3∑
i=1
∫
∂Kp
(ViE)
2 µ
If the integrand on the right hand side is zero then, by Lemma 1, ∂Kp is a Euclidean sphere
in TpM with respect to γ. In case of a generalized Berwald manifolds we have linear parallel
transports between the tangent spaces. Since the translates of a quadratic surface are quadratic,
this means that the manifold is Riemannian. Otherwise we can divide equation (15) to express
the function f . 
3. Curvature properties
Let a point p ∈M be fixed and consider the subgroup G of orthogonal transformations with
respect to the averaged inner product leaving the indicatrix ∂Kp invariant in TpM . Such a
group is obviously closed in O(3) and, consequently, it is compact. If we have a generalized
Berwald manifold then the group G is essentially independent of the choice of p because the
parallel translations with respect to the compatible linear connection ∇ makes them isomorphic
provided that the manifold is connected. On the other hand G must be finite or reducible
unless the manifold is Riemannian; see [12, Remark 5]. According to Theorem 1 it follows that
Hol ∇ ⊂ G, i.e. the holonomy group of a compatible linear connection is finite or reducible in
case of a a non-Riemannian generalized Berwald manifold. Using vector fields X , Y and Z with
pairwise vanishing Lie-brackets on a neighbourhood U ⊂ M , the comparison formula (13) says
that
(16) R(X, Y )Z = R∗(X, Y )Z +
1
2
((Xf)Y − (Y f)X)×γ Z +
f 2
4
(X ×γ Y )×γ Z
because of the Jacobi identity
(X ×γ Y )×γ Z + (Z ×γ X)×γ Y + (Y ×γ Z)×γ X = 0
and the product rule
∇∗X(Y ×γ Z) = (∇
∗
XY )×γ Z + Y ×γ (∇
∗
XZ) .
Using the vector triple product extension formula
X ×γ (Y ×γ Z) = γ(X,Z)Y − γ(X, Y )Z
it follows that
(17) γ(R(X, Y )Y,X) = γ(R∗(X, Y )Y,X)−
f 2
4
det
(
γ(X,X) γ(X, Y )
γ(X, Y ) γ(Y, Y )
)
.
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The curvature tensor of ∇ obviously satisfies the curvature property
(18) R(X, Y )Z = −R(Y,X)Z.
Property
(19) γ(R(X, Y )Z,W ) = −γ(R(X, Y )W,Z)
also holds because ∇ is metrical with respect to the averaged Riemannian metric γ. We are
going to investigate the Jacobi identity and the block symmetry.
Lemma 2. The curvature tensor of ∇ satisfies the Jacobi identity
(20) R(X, Y )Z +R(Z,X)Y +R(Y, Z)X = 0
if and only if the function f is constant.
Proof. As a straightforward calculation shows
(21) R(X, Y )Z +R(Z,X)Y +R(Y, Z)X
(16)
= (Xf)Y ×γ Z + (Zf)X ×γ Y + (Y f)Z ×γ X.
Taking the inner product of both sides with Z (for example) it can be easily seen that the left
hand side is zero if and only if Zf = 0 for any vector field Z on the base manifold. 
Remark 1. To complete the list of the classical curvature properties we need to investigate the
so-called block-symmetry
(22) γ(R(X, Y )Z,W ) = γ(R(Z,W )X, Y );
especially, if the dimension is 3, then properties (20) and (22) are equivalent to each other for
any curvature tensor satisfying (19). It follows by a pure algebraic way [11, Remark 3.11].
3.1. The case of finite holonomy group. Suppose that G is finite and, consequently, the
holonomy group of the compatible linear connection is also finite, i.e. its curvature is zero.
Theorem 3. IfM is a connected three-dimensional non-Riemannian Finsler manifold admitting
a compatible flat linear connection with totally anti-symmetric torsion tensor then
• M is a classical Berwald manifold of constant zero sectional curvature with respect to
the averaged Riemannian metric or
• M is a proper generalized Berwald manifold of constant positive sectional curvature with
respect to the averaged Riemannian metric.
Proof. If we have a compatible linear connection with zero curvature then the classical
curvature properties (18) - (22) are all satisfied and f must be a constant function due to
Lemma 2. The result comes from the comparison formula (17): if the (constant) function f is
identically zero then we have a Riemannian space form of constant zero curvature. Otherwise
it is of constant positive curvature. 
Remark 2. If M is complete then, by the Killing-Hopf theorem of Riemannian geometry, it
follows that the universal cover of M (as a Riemannian space with respect to the averaged
Riemannian metric) is isometric to R3 or the Euclidean unit sphere S3 ⊂ R4. Otherwise the
manifold (as a non-Riemannian Finsler space) does not admit a compatible flat linear connection
with totally anti-symmetric torsion tensor.
3.2. The case of non-finite reducible holonomy group.
Theorem 4. IfM is a connected three-dimensional non-Riemannian Finsler manifold admitting
a compatible non-flat linear connection ∇ with totally anti-symmetric torsion tensor then there
exists a one-dimensional distribution D such that
• any local section of constant length is a covariant constant vector field with respect to ∇,
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• any local section of constant length is a Killing vector field of constant length with respect
to the averaged Riemannian metric.
Proof. Suppose that Rp(X, Y ) 6= 0 for some point p ∈ M , i.e. the holonomy group of the
compatible linear connection contains a one-parameter subgroup of orthogonal transformations
with respect to the averaged Riemannian metric leaving the indicatrix ∂Kp invariant. Since M
is a non-Riemannian generalized Berwald manifold it follows that G containing all orthogonal
transfromations leaving the indicatrix ∂Kp invariant can not be transitive or finite because
G ⊃ Hol ∇. Therefore it is a reducible group containing a one-parameter subgroup of rotations;
see [12, Remark 5]. The distribution is constituted by the one-dimensional invariant subspace
of G as the point of the manifold is varying. The local sections of constant length must be
constructed as follows: if βp generates the one-dimensional invariant subspace (the common
axis of the rotations) of G in TpM then, by parallel transports with respect to ∇, we can extend
it to a local covariant constant section β, i.e. ∇Xqβ = 0 for any vector field X on M and q ∈ U ,
where U is a local neighbourhood around p ∈M . Since ∇Xβ = 0 it follows that
∇∗Xβ
(13)
= −
f
2
X ×γ β
and, consequently,
(Lβγ) (X, Y ) = βγ(X, Y )− γ([β,X ], Y )− γ([β, Y ], X),
where
[β,X ] = ∇∗βX −∇
∗
Xβ = ∇
∗
βX +
f
2
X ×γ β = ∇
∗
βX −
f
2
β ×γ X.
Therefore
(Lβγ) (X, Y ) = βγ(X, Y )− γ(∇
∗
βX, Y )− γ(∇
∗
βY,X) +
f
2
γ(β ×γ X, Y ) +
f
2
γ(β ×γ Y,X) =
βγ(X, Y )− γ(∇∗βX, Y )− γ(∇
∗
βY,X) = 0
as was to be proved. 
The following example can be considered as a converse of the global version of Theorem 4.
3.3. An example. Suppose that M is a connected Riemannian manifold admitting a Killing
vector field β of unit length. An easy direct computation shows that
(Lβγ) (X, Y ) = γ(∇
∗
Xβ, Y ) + γ(∇
∗
Y β,X) = 0,
i.e. the Hesse form γ(∇∗Xβ, Y ) is anti-symmetric. On the other hand γ(∇
∗
Xβ, β) = 0 because β
is of constant length. Therefore
γ(∇∗Xβ, Y ) = −
f
2
γ(β ×γ X, Y )
for some function f , i.e.
∇∗Xβ = −
f
2
β ×γ X.
Taking the metric connection ∇ with torsion T (X, Y ) = fX ×γ Y it follows, by the comparison
formula (13), that β is a covariant constant vecor field with respect to ∇. This means that for
any vector fields X and Y
R(X, Y )β = 0, i.e. R(X, Y )Z = r(X, Y )β ×γ Z
for some anti-symmetric scalar-valued form r ∈ ∧2M because β is the vector invariant of the
anti-symmetric mapping Z 7→ R(X, Y )Z. By the Ambrose-Singer theorem, the unit component
of the holonomy group (the so-called restricted holonomy group) of ∇ is the one-parameter
rotational group generated by β at each point of the manifold. Taking a point p ∈ M let us
choose a non-qadratic convex revolution surface around the axis of βp. For an explicite example
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consider a trifocal ellipsoid (it is a kind of generalized conics instead of the classical conics of
the Riemannian geometry) body defined by the equation
(23) ‖v + βp‖+ ‖v‖+ ‖v − βp‖ ≤ const.;
the focal set consists of ±βp, 0 and the constant is large enough to contain the focal points in
the interior of the body to avoid singularities. Using parallel transports with respect to ∇ we
can extend (23) to each point of the manifold. Note that ±βp in the focal set provide that (23)
is invariant under not only the restricted holonomy group but the entire one including possibly
reflections about the two-dimensional invariant subspace. Such a smoothly varying family of
convex bodies induces a (non-Riemannian) fundamental function F such that it is invariant
under the parallel transport with respect to ∇.
Remark 3. Killing vector fields of constant length naturally appear in different geometric con-
structions such asK-contact and Sasakian manifolds [2], [3] and [5]. There are many restrictions
to the existence of Killing vector fields of constant length on a Riemannian manifold; for a com-
prehensive survey see [4]: for example, if a compact Riemannian manifold admits such a vector
field then its Euler characteristic must be zero in the sense of a Theorem due to H. Hopf [4,
Section 1].
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